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Images from Kendall and Gal, "What uncertainties do we need in Bayesian deep learning for computer vision?”, NeurIPS 2017.
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Images from Besnier et al., "Learning Uncertainty For Safety-Oriented Semantic Segmentation In Autonomous Driving”, ICIP 2021.
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Neural Network
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Maximum Uncertainty   
[Louizos & Welling, ICML 2017]
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Traditional NN
Images from Blundell et al., “Weight Uncertainty in Neural Networks”, ICML 2015.
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Traditional NN Bayesian NN
Images from Blundell et al., “Weight Uncertainty in Neural Networks”, ICML 2015.



𝗉(𝗒* |𝗑*, D) = ∫𝗐
𝗉(𝗒* |𝗑*, 𝗐) 𝗉(𝗐 |D) 𝖽𝗐



𝗉(𝗒* |𝗑*, D) = ∫𝗐
𝗉(𝗒* |𝗑*, 𝗐) 𝗉(𝗐 |D) 𝖽𝗐



Model Definition                   



Data model

𝗒 ∼ p (𝗒 |𝗑, 𝖶1, …, 𝖶L)
Assume NNs are fully-connected, 
feedforward, unless stated otherwise.



Data model

𝗒 ∼ p (𝗒 |𝗑, 𝖶1, …, 𝖶L)

𝗒 ∼ 𝖭 (μ = f (𝗑; 𝖶1, 𝖶2, 𝖶3), σ2
0)

For real-valued regression…

Assume NNs are fully-connected, 
feedforward, unless stated otherwise.



Data model

𝗒 ∼ p (𝗒 |𝗑, 𝖶1, …, 𝖶L)

𝗒 ∼ 𝖢𝖺𝗍𝖾𝗀𝗈𝗋𝗂𝖼𝖺𝗅 (π = f (𝗑; 𝖶1, 𝖶2, 𝖶3))
For classification…

Assume NNs are fully-connected, 
feedforward, unless stated otherwise.



Data model

𝗒 ∼ p (𝗒 |𝗑, 𝖶1, …, 𝖶L)



W
𝗐 ∼ p(𝗐)

Prior per weight

WEIGHT MATRIX



W
𝗐 ∼ 𝖭(0, σ2)

Prior per weight

WEIGHT MATRIX



W
𝖶l ∼ p(𝖶l)

Prior per layer

WEIGHT MATRIX



W
𝖶l ∼ 𝖭(0, Σ)

Prior per layer

WEIGHT MATRIX

Dl-1
Dl



W
𝖶l ∼ 𝖭(0, Σ)

Prior per layer

WEIGHT MATRIX

Size: (𝖣l−1 + 𝖣l)2

Dl-1
Dl



Joint prior

𝖶1, …, 𝖶L ∼ p (𝖶1, …, 𝖶L)

W
WEIGHT MATRIX

W
WEIGHT MATRIX

W
WEIGHT MATRIX

…



Joint prior

𝖶1, …, 𝖶L ∼ p (𝖶1, …, 𝖶L)

W
WEIGHT MATRIX

W
WEIGHT MATRIX

W
WEIGHT MATRIX

…NOT USUALLY DONE



Joint prior

𝖶1, …, 𝖶L ∼ p (𝖶1, …, 𝖶L)

𝖶1, …, 𝖶L ∼ 𝖭(0, Σ)

Size: (# total weights)2



p (𝖶1, …, 𝖶L |𝗒, 𝗑) =

Posterior



p (𝖶1, …, 𝖶L |𝗒, 𝗑) =

p (𝗒 |𝗑, 𝖶1, …, 𝖶L) ∏L
l=1 p(𝖶l)

p (𝗒 |𝗑)

Posterior



p (𝗒 |𝗑, 𝖶1, …, 𝖶L) ∏L
l=1 p(𝖶l)

p (𝗒 |𝗑)

p (𝖶1, …, 𝖶L |𝗒, 𝗑) =

Posterior



p (𝖶1, …, 𝖶L |𝗒, 𝗑) =

p (𝗒 |𝗑, 𝖶1, …, 𝖶L) ∏L
l=1 p(𝖶l)

p (𝗒 |𝗑)

Posterior

∫𝖶1,…,𝖶L

𝗉(𝗒 |𝗑, 𝖶1, …, 𝖶L) ∏
l

𝗉(𝖶l) 𝖽𝖶1, …, 𝖶L



𝗉(𝗒* |𝗑*, 𝗒, 𝗑) =

∫𝖶1,…,𝖶L

𝗉(𝗒* |𝗑*, 𝖶1, …, 𝖶L) 𝗉(𝖶1, …, 𝖶L |𝗒, 𝗑) 𝖽𝖶1, …, 𝖶L

Posterior Predictive
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𝗉(𝗒* |𝗑*, D)



𝗐 ∼ 𝖭(0, σ2 = 5)

𝗒 ∼ 𝖭 (μ = f (𝗑; 𝖶1, 𝖶2, 𝖶3), σ2
0)

σ0 ∼ 𝖦𝖺𝗆𝗆𝖺 (1/2, 1)
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p (𝗒 |𝗑, 𝖶1, …, 𝖶L) ∏L
l=1 p(𝖶l)

p (𝗒 |𝗑)

Garbage in: arbitrary priors 
Garbage out: uncontrollable error bars 

Michael I. Jordan, MLSS  (2017)



𝗐

p(𝗐)

Normal Prior

0

W
WEIGHT MATRIX



As NN becomes infinitely wide, it converges 
to a Gaussian process

𝗐 ∼ 𝖭(0, σ2/H)

Normal Prior

https://en.wikipedia.org/wiki/Gaussian_process#/media/File:Gaussian_Process_Regression.png



As NN becomes infinitely wide, it converges 
to a Gaussian process

Normal Prior

“With Gaussian priors the contributions of individual 
units are all negligible, and consequently, these units 
do not represent ‘hidden features’ that capture 
important aspects of the data”  [Neal, 1995]

𝗐 ∼ 𝖭(0, σ2/H)



As NN becomes infinitely wide, it converges 
to a Gaussian process

DIFFERENT GP MODELS 

Normal Prior

[Matthews et al., 2018]



Multivariate Normal

𝗐2

𝗐1



Multivariate Normal

𝗐2

𝗐1



Multivariate Normal

σ2
1 σ2

2 σ2
3 σ2

4
σ2

5
σ2
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Σ



Multivariate Normal

Dl-1

Dlσ2
1 σ2

2 σ2
3 σ2

4
σ2

5
σ2
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Σ 𝗁l−1𝖶l



Hierarchical Priors

𝗐 ∼ p(𝗐 |τ)
τ ∼ p(τ)



Hierarchical Priors

𝗐 ∼ 𝖭(0, τ2)
τ ∼ p(τ)



Hierarchical Priors: Structure

𝗐i,j ∼ 𝖭(0, τ2
i )

τi ∼ p(τ)

i indexes rows

Dl-1

Dl



Hierarchical Priors: Structure

𝗐i,j ∼ 𝖭(0, τ2
i )

τi ∼ p(τ)

Dl-1

Dl

“Automatic Relevance Determination”
MacKay, 1994



Hierarchical Priors: Heavy-Tails

𝗐 ∼ 𝖭(0, τ2)
τ2 ∼ Γ−1(α, β)

𝗍(𝗐) = ∫τ
𝖭(𝗐; 0,τ2) Γ−1(τ2; α, β) dτ



Hierarchical Priors: Heavy-Tails

𝗐 ∼ 𝖭(0, τ2)

τ2 ∼ 𝖢𝖺𝗎𝖼𝗁𝗒+(σ)



Hierarchical Priors: Heavy-Tails
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Hierarchical Priors: Heavy-Tails

Po
st
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ea

n

Y

Forget regularization: “bounded Influence”



Hierarchical Priors: Heavy-Tails

Infinitely wide NN no longer converges to a 
Gaussian process; instead a jump process.



Discrete Priors

𝗐 ∼ 𝖡𝖾𝗋𝗇𝗈𝗎𝗅𝗅𝗂(π)

Interesting due to their computational 
efficiency [Soudry et al., 2014] and biological 
plausibility [Baldassi et al., 2007].   

But no access to gradients.



Other Architectures: ResNets

skip connection

X E[y|x]h1 h2 h3+ +



Other Architectures: ResNets

h xdl-1

SKIP CONNECTION

Allows information to bypass 
interaction with the weights

W
dl-1

dl



Other Architectures: ResNets

h xdl-1

SKIP CONNECTION

Allows information to bypass 
interaction with the weights

W
dl-1

dl

Scale shared 
across matrix



Other Architectures: ResNets

X E[y|x]h1 h2 h3+ +

Bayesian shrinkage can 
control the effective 
depth of the network  



Other Architectures: ResNets

X E[y|x]h1 h2 h3+ +

Bayesian shrinkage can 
control the effective 
depth of the network  

γl ∼ p(γ)𝗐l,i,j ∼ 𝖭(0,γ2
l )



Other Architectures: ResNets

X E[y|x]h1 h2 h3+ +

Bayesian shrinkage can 
control the effective 
depth of the network  

γl ∼ p(γ)𝗐l,i,j ∼ 𝖭(0,τ2
i γ2

l ) τi ∼ p(τ)



Other Architectures: ConvNet



Other Architectures: LSTM
in
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Tuning the Prior: Type II MLE

𝗉(𝖶; ψ)



Tuning the Prior: Type II MLE

p (𝗒 |𝗑; ψ)

𝗉(𝖶; ψ)



Tuning the Prior: Type II MLE

p (𝗒 |𝗑; ψ) = ∫𝖶
𝗉(𝗒 |𝗑, 𝖶) 𝗉(𝖶; ψ) 𝖽𝖶

𝗉(𝖶; ψ)



Tuning the Prior: Type II MLE

p (𝗒 |𝗑; ψ) = ∫𝖶
𝗉(𝗒 |𝗑, 𝖶) 𝗉(𝖶; ψ) 𝖽𝖶

𝗉(𝖶; ψ)



⊗ Normal priors: easy to implement, 
correspond to Gaussian process in 
the infinite limit. 

⊗ Hierarchical priors: good for inducing 
structure and heavy-tails. 

⊗ Discrete priors: efficient but hard to 
implement.

Summary



[Lee, 2004]



[Lee, 2004]

[Nalisnick, 2018]



[Lee, 2004]

[Nalisnick, 2018]

[Fortuin, 2021]
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p (𝖶1, …, 𝖶L |𝗒, 𝗑)



Non-identifiability

𝗒̂ = 𝗐2,1𝗁1 + 𝗐2,2𝗁2

𝗁2 = f(𝗐1,2𝗑)

𝗁1 = f(𝗐1,1𝗑)



Non-identifiability

𝗒̂ = 𝗐2,1𝗁1 + 𝗐2,2𝗁2

𝗁2 = f(𝗐1,2𝗑)

𝗁1 = f(𝗐1,1𝗑)



Non-identifiability

𝗒̂ = 𝗐2,1𝗁1 + 𝗐2,2𝗁2

𝗁2 = f(𝗐1,2𝗑)

𝗁1 = f(𝗐1,1𝗑)



Non-identifiability

⊗ Permutation invariance. 

⊗ Scale invariance for ReLUs:

𝖱𝖾𝖫𝖴(𝗑) = (1/α) ⋅ 𝖱𝖾𝖫𝖴(α ⋅ 𝗑), ∀α > 0



Conjugacy?
Not in general…



Conjugacy?
Not in general…

But sometimes for the last layer:

−1
2σ2

0
(𝗒 − 𝗁L−1𝖶L)2 + …

log 𝖭 (𝗒 |𝗑, 𝖶1, …, 𝖶L) =



Conjugacy?
Not in general…

But sometimes for the last layer.

−1
2σ2

0
(𝗒 − 𝗁L−1𝖶L)2 + …

log 𝖭 (𝗒 |𝗑, 𝖶1, …, 𝖶L) =“neural linear model”



p (𝖶1, …, 𝖶L |𝗒, 𝗑) ∝

log p (𝗒 |𝗑, 𝖶1, …, 𝖶L) +
L

∑
l=1

log p(𝖶l)

MAP Estimation



p (𝖶1, …, 𝖶L |𝗒, 𝗑) ∝

log p (𝗒 |𝗑, 𝖶1, …, 𝖶L) +
L

∑
l=1

log p(𝖶l)

MAP Estimation

For normal priors…

−
L

∑
l=1

1
2σ2

l
| |𝖶l | |2

2 + 𝖼𝗈𝗇𝗌𝗍 .



p (𝖶1, …, 𝖶L |𝗒, 𝗑) ∝

log p (𝗒 |𝗑, 𝖶1, …, 𝖶L) +
L

∑
l=1

log p(𝖶l)

MAP Estimation

For normal priors…

−
L

∑
l=1

1
2σ2

l
| |𝖶l | |2

2 + 𝖼𝗈𝗇𝗌𝗍 .

Equivalent to weight decay



MAP Estimation

Caution: MAP estimates have very 
different characteristics than the true 
posterior (e.g. sparsity)



Markov Chain Monte Carlo (MCMC)

𝗐2

𝗐1



Markov Chain Monte Carlo (MCMC)

𝗉 (𝖶1, …, 𝖶L |𝗒, 𝗑) ≈
1
S

S

∑
s=1

δ [𝖶̂1,s, …, 𝖶̂L,s]



𝗐0Initialize
For t=1 to T:

:



𝗐0Initialize
For t=1 to T:

Sample 𝗎 ∼ 𝖴𝗇𝗂𝖿𝗈𝗋𝗆(0,1)

:



𝗐0Initialize
For t=1 to T:

Sample 𝗎 ∼ 𝖴𝗇𝗂𝖿𝗈𝗋𝗆(0,1)
Sample 𝗐* ∼ 𝗊(𝗐* |𝗐t−1)

:



𝗐0Initialize
For t=1 to T:

Sample 𝗎 ∼ 𝖴𝗇𝗂𝖿𝗈𝗋𝗆(0,1)
Sample 𝗐* ∼ 𝗊(𝗐* |𝗐t−1)

If 𝗎 < min {1,
𝗉(𝗒, 𝗐* |𝗑) 𝗊(𝗐t−1 |𝗐*)

𝗉(𝗒, 𝗐t−1 |𝗑) 𝗊(𝗐* |𝗐t−1) }
𝗐t = 𝗐*

:



𝗐0Initialize
For t=1 to T:

Sample 𝗎 ∼ 𝖴𝗇𝗂𝖿𝗈𝗋𝗆(0,1)
Sample 𝗐* ∼ 𝗊(𝗐* |𝗐t−1)

If 𝗎 < min {1,
𝗉(𝗒, 𝗐* |𝗑) 𝗊(𝗐t−1 |𝗐*)

𝗉(𝗒, 𝗐t−1 |𝗑) 𝗊(𝗐* |𝗐t−1) }
𝗐t = 𝗐*

Else:
𝗐t = 𝗐t−1

:
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Hamiltonian Monte Carlo (HMC)

(assuming the identity matrix for the mass)
Generate proposal by iterating:

𝗏m+1 = 𝗏m + α∇𝗐log 𝗉(𝗐m |𝗒, 𝗑)

𝗐m+1 = 𝗐m + α′ ⋅ 𝗏m

where        and         are step sizes andα α′ 𝗏0 ∼ 𝖭(0,1)



97

Hamiltonian Monte Carlo (HMC)

(assuming the identity matrix for the mass)
Generate proposal by iterating:

𝗏m+1 = 𝗏m + α∇𝗐log 𝗉(𝗐m |𝗒, 𝗑)

𝗐m+1 = 𝗐m + α′ ⋅ 𝗏m

where        and         are step sizes andα α′ 𝗏0 ∼ 𝖭(0,1)

𝗐* = 𝗐MPropose:
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Hamiltonian Monte Carlo (HMC)

Computation done  
on 512 TPUs
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Hamiltonian Monte Carlo (HMC)

Computation done  
on 512 TPUs
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HMC to Langevin Dynamics
One step iteration of HMC:

𝗐1 = 𝗐0 + α′ ⋅ 𝗏1

= 𝗐0 + α′ ⋅ (α∇𝗐log 𝗉(𝗐0 |𝗒, 𝗑) + 𝗏0)



101

HMC to Langevin Dynamics
One step iteration of HMC:

𝗐1 = 𝗐0 + α′ ⋅ 𝗏1

= 𝗐0 + α′ ⋅ (α∇𝗐log 𝗉(𝗐0 |𝗒, 𝗑) + 𝗏0)
Langevin Dynamics:

𝗐m+1 = 𝗐m + α′ ′ ⋅ ∇𝗐log 𝗉(𝗐m |𝗒, 𝗑) + 𝗏̂
𝗏̂ ∼ 𝖭(0, ϵ)



102

Langevin Dynamics
𝗐m+1 = 𝗐m + α′ ′ ⋅ ∇𝗐log 𝗉(𝗐m |𝗒, 𝗑) + 𝗏̂

𝗏̂ ∼ 𝖭(0, ϵ)
⊗ “Adjusted": Run accept-reject step 

⊗ “Unadjusted": Always accept proposal 

⊗ Can also use stochastic gradients
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MCMC for ResNet-20 on CIFAR-10



𝗉 (𝖶1, …, 𝖶L |𝗒, 𝗑) ≈ 𝗊 (𝖶1, …, 𝖶L; ϕ)

Variational Inference

Image from Blei et al., “Variational Inference: A Review for Statisticians,” JASA 2017 



We usually need to assume some degree 
of factorization.



𝗊 (𝖶1, …, 𝖶L; ϕ) =
L

∏
l=1

𝗊 (𝖶l; ϕl)

We usually need to assume some degree 
of factorization.

Over layers:



𝗊 (𝖶1, …, 𝖶L; ϕ) =
L

∏
l=1

𝗊 (𝖶l; ϕl)

We usually need to assume some degree 
of factorization.

Over layers:

Over weights (“mean-field”):

=
L

∏
l=1

Dl

∏
d=1

𝗊 (𝗐l,d; ϕl,d)



𝗊 (𝖶1, …, 𝖶L; ϕ) =
L

∏
l=1

𝖭 (μl, Σl)

Normals are common, for instance.

Over layers:

Over weights (“mean-field”):

=
L

∏
l=1

Dl

∏
d=1

𝖭 (μl,d,, σ2
l,d)



ϕ* = 𝖺𝗋𝗀𝗆𝗂𝗇ϕ 𝔻 [𝗊 (𝗐; ϕ) | |𝗉 (𝗐 |𝗒, 𝗑)]

Optimization Objective



ϕ* = 𝖺𝗋𝗀𝗆𝗂𝗇ϕ 𝖪𝖫𝖣 [𝗊 (𝗐; ϕ) | |𝗉 (𝗐 |𝗒, 𝗑)]

Optimization Objective



ϕ* = 𝖺𝗋𝗀𝗆𝗂𝗇ϕ 𝖪𝖫𝖣 [𝗊 (𝗐; ϕ) | |𝗉 (𝗐 |𝗒, 𝗑)]

Optimization Objective

= 𝖺𝗋𝗀𝗆𝗂𝗇ϕ ∫𝗐
𝗊 (𝗐; ϕ) log

𝗊 (𝗐; ϕ)
𝗉 (𝗐 |𝗒, 𝗑)

d𝗐



𝖪𝖫𝖣 [𝗊 (𝗐; ϕ) | |𝗉 (𝗐 |𝗒, 𝗑)] =

Optimization Objective



𝖪𝖫𝖣 [𝗊 (𝗐; ϕ) | |𝗉 (𝗐 |𝗒, 𝗑)] =

𝔼𝗊ϕ [−log 𝗉 (𝗒 |𝗑, 𝗐)]+

𝖪𝖫𝖣 [𝗊(𝗐; ϕ) | |𝗉(𝗐)] + 𝖼𝗈𝗇𝗌𝗍 .

Optimization Objective



𝖪𝖫𝖣 [𝗊 (𝗐; ϕ) | |𝗉 (𝗐 |𝗒, 𝗑)] =

𝔼𝗊ϕ [−log 𝗉 (𝗒 |𝗑, 𝗐)]+

𝖪𝖫𝖣 [𝗊(𝗐; ϕ) | |𝗉(𝗐)] + 𝖼𝗈𝗇𝗌𝗍 .

Optimization Objective



𝔼𝗊ϕ [−log 𝗉 (𝗒 |𝗑, 𝗐)]
Reparameterization Trick



𝔼𝗊ϕ [−log 𝗉 (𝗒 |𝗑, 𝗐)]
= 𝔼η [−log 𝗉 (𝗒 |𝗑, 𝗐 = g(η; ϕ))]

Reparameterization Trick



𝔼𝗊ϕ [−log 𝗉 (𝗒 |𝗑, 𝗐)]
= 𝔼η [−log 𝗉 (𝗒 |𝗑, 𝗐 = g(η; ϕ))]
≈

1
S ∑

s

− log 𝗉 (𝗒 |𝗑, 𝗐 = g( ̂ηs; ϕ))

Reparameterization Trick



∂
∂ ϕ

𝔼𝗊ϕ [−log 𝗉 (𝗒 |𝗑, 𝗐)]

≈ −
1
S ∑

s

∂
∂ϕ

log 𝗉 (𝗒 |𝗑, 𝗐 = g( ̂ηs; ϕ))



∂
∂ ϕ

𝔼𝗊ϕ [−log 𝗉 (𝗒 |𝗑, 𝗐)]

≈ −
1
S ∑

s

∂
∂ϕ

log 𝗉 (𝗒 |𝗑, 𝗐 = g( ̂ηs; ϕ))

“Bayes by Backprop”
Blundell et al., 2015



𝗐̂ = g( ̂η; ϕ) = μ + σ ⋅ ̂η, η ∼ 𝖭(0,1)

If                                :𝗊(𝗐; ϕ) = 𝖭(μ, σ)



𝗐̂ = g( ̂η; ϕ) = μ + σ ⋅ ̂η, η ∼ 𝖭(0,1)

If                                :𝗊(𝗐; ϕ) = 𝖭(μ, σ)

h ⋅ 𝗐̂ = h ⋅ (μ + σ ⋅ ̂η)



𝗐̂ = g( ̂η; ϕ) = μ + σ ⋅ ̂η, η ∼ 𝖭(0,1)

If                                :𝗊(𝗐; ϕ) = 𝖭(μ, σ)

Or for a general q:

𝗐̂ = 𝖢𝖣𝖥−1
q ( ̂η; ϕ), η ∼ 𝖴𝗇𝗂𝖿𝗈𝗋𝗆(0,1)

h ⋅ 𝗐̂ = h ⋅ (μ + σ ⋅ ̂η)
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𝗉 (𝗐 |𝗒, 𝗑)
≈ 𝖭 (𝗐̂𝖬𝖠𝖯, 𝖧̄−1(𝗐̂𝖬𝖠𝖯))

Laplace Approximation



𝗉 (𝗐 |𝗒, 𝗑)
≈ 𝖭 (𝗐̂𝖬𝖠𝖯, 𝖧̄−1(𝗐̂𝖬𝖠𝖯))

Laplace Approximation

𝖧̄(𝗐) = −
N

∑
n=1

∂2 log 𝗉(𝗒n, 𝗐 |𝗑n)
∂𝗐2



𝖿𝗂𝗇𝖽 𝗐̂𝖬𝖠𝖯

Laplace Approximation

Images from Alexander Immer: https://twitter.com/a1mmer/status/1454057890864566272



𝖭 (𝗐̂𝖬𝖠𝖯, 𝖧−1(𝗐̂𝖬𝖠𝖯))𝖿𝗂𝗇𝖽 𝗐̂𝖬𝖠𝖯

Laplace Approximation

Images from Alexander Immer: https://twitter.com/a1mmer/status/1454057890864566272



Laplace Approximation
⊗ Pro: can apply to a pre-trained model by 

assuming parameters are at the ‘MAP’ 

⊗ Con: Hessian matrix can be numerically 
unstable, need to assume structure (e.g. 
low-rank, diagonal).



⊗ Conjugacy for last layer (sometimes) 

⊗ MCMC is possible but will require 
approximations

⊗ Variational inference is practical but 
usually has inferior performance 
(compared to MCMC).

Summary


